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Abstract— This paper presents a novel approach in modeling 
of efficiency maps for electrical machines.  It is based on sum 
of the terms in the form of kmnTmωn to represent the variation 
of the stator and rotor copper, iron and magnet losses with 
torque and speed.  The effect of each term on the shape of the 
efficiency map is explored. Analysis is performed on the 
calculated efficiency and loss maps of an induction, an interior 
permanent magnet and a surface permanent magnet machine 
to demonstrate the validity of the approach. 
Keywords— efficiency map, electric machines, induction 
machines, loss modeling, permanent magnet machines  
I. INTRODUCTION 
A. Background 
An efficiency map for an electrical machine is a contour 
plot of the maximum efficiency on the torque (or power) –
speed plane.  Its envelope shows the maximum torque 
capability of the machine as a function of speed.   
Efficiency maps are widely used for describing the 
performance of electric motors and drives as a function of 
their torque/speed operating points.  For vehicle propulsion 
drives, energy usage over standard driving cycles and hence 
an expected driving range can be determined via 
manipulation of the efficiency map of the electrical machine 
[1,2].  To minimize energy usage, the efficiency should be 
maximum in the operating regions where the machine has 
the highest average output power over the driving cycle.   
Permanent magnet (PM) machines are widely used for 
traction applications due to their high power density, and 
their ability to be designed for a wide flux-weakening range.  
Conventionally, the two main control parameters are the d- 
and q-axis currents Id and Iq.  Two main constraints are the  
input voltage and current limits of machine. The induction 
motor (IM) has also been applied in electric traction, with 
commercial success [3]. 
Efficiency maps are obtained by finding the maximum 
efficiency for a given speed and torque by examining the 
combinations of control parameters, such as Id and Iq for PM 
machines, which give the desired torque and finding a 
combination with highest efficiency within the voltage and 
current limits.  This is done using analytical, finite-element 
or experimental techniques. A similar approach based on Id 
and Iq for induction machines has recently been described 
[4]. 
While the process of generating and using efficiency 
maps of electrical machines is well-known [1-2,5-9], there 
has been little research on the interpretation and analysis of 
efficiency maps, as well as on loss modelling of the machine 
as a whole, as a function of torque and speed, rather than 
modelling of local loss phenomena.  Presently comparisons 
between measured and calculated efficiency maps have been 
largely limited to showing contour plots of the difference 
between them [8]. 
This paper examines use of the loss function modeling 
techniques to understand how different loss types affect the 
shape of an efficiency map and how experimental efficiency 
and loss maps can be analysed and also compared with 
simulation results.  
B. Loss Function Modeling of Efficiency Maps 
The key novel contribution of this work is to model the 
power losses of the electrical machine at a given torque T 
and speed ω as the sum of loss terms of the form Tmωn where 
m and n are integers [10].   
Heins et al. [11] have previously done loss component 
modelling for electrical machines using loss terms which are 
a function of  current I and speed ω, that is Imωn, rather than 
torque T and speed ω, see Table I.  Their emphasis was on 
modelling the breakdown of losses in the machine and 
comparing finite-element (FE) and experimental results.  
Their discussion was limited to only permanent magnet 
machines and did not examine efficiency maps.  
Normally when comparing FE and test results, the total 
FE loss is compared with the measured loss for different 
operating points.  The novelty of Heins’ contribution is to 
compare the loss component functions instead of the loss 
values at each operating point. This is shown in Table I 
where the sum of the calculated loss function coefficients for 
each type of loss is compared with the measured data.  This 
comparison provides more information about the likely types 
of losses which are responsible for the discrepancy between 
the experimental and measured results.  For instance in Table 
I, the loss term with the largest error is loss ∝ ω which is 
produced by the mechanical and core losses. 
 TABLE I.  COMPARISON OF FE AND EXPERIMENTAL CURRENT-SPEED 
LOSS COMPONENTS [11] 
 1 𝒊𝒊𝟐𝟐 
𝜔𝜔 𝜔𝜔2 𝜔𝜔3 1 𝜔𝜔 𝜔𝜔2 
FE
A 
Core Loss (W) 23 9 0 0 5 1 
Solid Loss (W) 0 0 0 0 4 1 
Copper (W) 0 0 0 52 0 2 
Mechanical (W) 30 0 0 0 0 0 
Total (W) 53 9 0 52 9 4 
Experimental  93 10 0 60 18 0 
Difference 40 1 0 8 9 -4 
 
In this paper, the loss maps of three traction machines are 
modelled, and the corresponding efficiency maps are 
analysed.  The key changes from Heins’ work are firstly that 
torque is used in place of current as the metric of the 
machine’s load. Secondly, magnetic saturation not 
previously considered is here taken into account. Thirdly, 
this study also includes induction machines while the 
previous study was limited to permanent magnet machines. 
Finally this work includes field-weakening operation and not 
only constant torque operation as done previously. 
The results of this work are based on finite-element 
analysis. One induction machine, one interior PM and one 
surface PM machine are considered as test cases.  A similar 
approach to that shown in Table I is used:  for each machine, 
each of the calculated loss types (e.g. stator copper loss) is 
modeled as a sum of loss functions.  While experimental 
results of three such machines designed for the same vehicle 
specifications are not available, the calculated loss maps are 
analysed instead. This FEA approach is still considered valid 
because the literature shows that FEA evaluated loss maps 
match experimental loss maps with good accuracy [8].   
The paper is organized as follows: a discussion of the 
electrical machine analytical modelling under constant 
torque and constant power operation is presented in Section 
II. Section III then describes the finite-element based 
calculation of efficiency/loss maps for the three machines 
and shows the detailed loss modeling results. Section IV 
examines the process of loss function modeling. Section V 
gives a detailed discussion of the results and Section VI 
examines some aspects of the interpretation of efficiency 
maps. 
II. LOSS FUNCTIONS PRINCIPLE AND CONCEPTS 
A. PM Machine Example 
It is proposed that the power loss Ploss in an electrical 
machine under maximum efficiency operation can be 
expressed as a function of torque T and speed ω  in the form,  
   ( , ) m nloss mnP T k Tω ω≈ ∑  (1) 
where the exponents m and n are integers, and the constants 
kmn are non-negative.  Thus the efficiency is given in terms of 
output power Po as, 
   ( , )
( , ) ( , )
o
loss o loss
P TT
P T P P T T
ωη ω
ω ω ω
= =
+ +
 (2) 
Equation (2) can also be used to find the loss map Ploss(T,ω) 
given the efficiency map η(T,ω).  
For example, consider a simple loss model for a surface 
PM machine.  The iron loss is assumed proportional to ω2 
which only considers eddy-current loss and neglects 
armature reaction (stator current) effects.  The torque is 
assumed proportional to current (neglecting saturation and 
assuming a constant current angle) and hence the stator 
copper loss is proportional to T2.  Thus to a first 
approximation the surface PM machine loss can be described 
as, 
   2 220 02( , )lossP T k T kω ω= +  (3) 
This is illustrated in Fig. 1 which shows the copper, iron 
and total loss terms as well as the efficiency map as contour 
plots with torque and speed axes.   
The copper loss plot, Fig. 1(a), is only a function of 
torque and so consists of horizontal contours while the iron 
loss, Fig. 1(b), is only a function of speed and consists of 
vertical contours.  The spacing of these contours is non-
uniform due to the square law dependance.  The total loss 
plot, Fig. 1(c), being the sum of a torque squared and a speed 
squared component has elliptical contours centred on the 
origin.  The resultant efficiency map, Fig. 1(d), shows linear 
contours passing through the origin with maximum 
efficiency when the torque and speed are roughly equal in 
magnitude.  
 
  
(a) copper loss                               (b) iron loss 
  
(c) total loss (d) efficiency map 
Figure 1.  Example surface PM machine results as contour plots on axes of 
torque and speed, (a) copper loss, (b) iron loss, (c) total loss, (d) efficiency. 
The proposed analysis in this paper is to convert an 
efficiency map as shown in Fig. 1(d), to an equivalent loss 
map in Fig. 1(c) and then curve fitting this as loss terms of 
the form Tmωn, Fig. 1(a) and (b). 
 B. Loss and Efficiency Plots for Tmωn Terms 
Fig. 2(a) shows a 4-by-4 matrix of contour plots 
representing examples of power loss components of the form 
kmnTmωn, as a function of torque and speed.  The lower left 
plot refers to k00T0ω0, representing a constant loss component 
(independent of torque and speed). The plots in the left-most  
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Figure 2.  Contour plots of (a) power loss and (b) efficiency on axes of 
torque versus speed for loss terms of the form kmnTmωn where m + n ≤ 4 
[10] 
column represent terms related to only torque (1, T, T2 and 
T3). Finally, the bottom row represents terms related to only 
speed (1, ω, ω2, ω3). In each of the loss terms, the lowest loss 
occurs at the origin, for zero torque and speed.  The higher 
the order of the considered loss term (that is, the greater the 
value of m + n), the more steeply the loss increases. The 
figure includes the T2 and ω2 terms from Figs. 1(a) and (b).  
Only terms where m + n ≤ 4 are shown (not including T4 and 
ω4).   
Fig. 2(b) shows the shape of the efficiency plots, 
obtained from (2), corresponding to each loss term in Fig. 
2(a).  
The relationship between each loss term Tmωn and the 
resultant efficiency map is given by, 
 ( ) 1 11 1
1, 1
1
m n m n
m n m n
TT T
T T T
ω
η ω ω
ω ω ω
− −
− −= = ≈ −+ +
 (4) 
The simplification in (4) holds for small values of Tm-1ωn-1.  
Thus, the shape of the efficiency plots is similar (but 
opposite in “slope”) to that of the loss plots one row down 
and one column left.  The natural “centre” of the matrix of 
efficiency plots is the one corresponding to the loss term 
k11Tω, which has a constant value of efficiency at all 
operating points.  For all the other efficiency maps in the 
matrix, the highest efficiency (red shading) is the point or 
line closest to this “centre” plot in the matrix.  Thus for the 
constant loss term k00T0ω0, the efficiency increases with the 
product of torque and speed while for the loss term k22T2ω2, 
the efficiency decreases with the product of torque and 
speed. In addition, the further a given plot is from the 
“centre” plot, the steeper the efficiency gradient within that 
plot. 
A practical machine has multiple sources of loss, each of 
which influences the shape of its efficiency map.  For 
instance in the surface PM machine example in Fig. 1, the 
total efficiency map is a combination of the efficiency maps 
for the T2 and ω2 terms.  Thus by analysis of an efficency 
map, it is also possible to determine the key loss terms. 
C. Prediction of Key Loss Terms 
The simplified machine analysis presented in this sub-
section is applicable to induction machines (IM) as well as 
to surface PM (SPM) and interior PM (IPM) machines. 
Such analysis will be used to determine the likely key loss 
function terms for each machine, both in the constant-torque 
and constant-power operating regions. 
The stator copper loss is proportional to the square of the 
stator current.   
Consider the copper losses in the constant torque region.  
For SPM machines, T ∝ I and thus the copper loss ∝ T2.  
For the IM and for IPMs with a low value of magnet flux, at 
low currents the torque ∝ I2 and thus copper loss ∝ T, 
however at moderate currents saturation causes the torque ∝ 
I and hence copper loss ∝ T2.  Thus both T and T2 loss terms 
would be expected.  Some machines saturate heavily at high 
currents. For instance if due to heavy saturation T ∝ √I  then 
this would result in a copper loss ∝ T4.  
Consider the copper losses in the constant power region.  
For IMs or IPMs with a low value of magnet flux, we can 
assume a constant voltage and a relatively constant power-
factor, then the current should be proportional to output 
power (∝ Tω), thus the copper loss ∝ T2ω2.  For SPM (and 
IPM machines with a high values of magnet flux), due to the 
large d-axis field-weakening current component the stator 
current is more influenced by speed than torque, hence the 
 largest copper loss terms should have m < n, e.g. terms such 
as Tω2, Tω3, ω,  ω2, or ω3. 
The iron loss consists of hysteresis and eddy-current 
terms which are a function of the flux density B and the 
frequency (and hence speed ω).  To a first approximation, 
hysteresis loss ∝ B2ω and eddy-current loss ∝ B2ω2. 
Consider the constant torque region.  The magnet flux 
density is constant and independent of torque T and hence 
produces iron loss terms ω and ω2.  The flux density from 
the stator current is largely proportional to torque and thus 
the iron loss from the stator current is related to torque 
squared resulting in T2ω and T2ω2 terms. 
In the (high speed) constant power region, the eddy-
current loss normally dominates and the fundamental flux in 
the machine falls inversely with speed. Thus the 
fundamental iron loss should not depend on speed.  The IM 
torque should be roughly proportional to flux squared, thus 
the fundamental iron loss should be proportional to torque.  
IPM machines under field-weakening conditions can have 
high harmonic loss components which increase rapidly with 
speed.  In [13] under short-circuit conditions (constant Id), 
the (harmonic) iron loss increased with the square of speed. 
The magnet losses are due to eddy-currents in the 
conductive magnets and consist of stator slotting effects 
(ω2) and armature reaction components (T2ω2).  These can 
be significant in SPM machines where the magnets are 
exposed to the airgap flux but are usually small in IPM 
machines due to the buried magnets. 
Mechanical losses include bearing (typically modelled 
as a constant loss torque, hence ω), and windage losses, 
typically modelled as ω2 or ω3 terms [11]. 
Using the above modelling approach, the expected key 
loss terms of the form kmnTmωn can be identified.  These are 
summarized in Table II.  Both the constant torque and 
constant power regions are examined for each machine. The 
following terms are used in the table: copper losses in the 
stator and rotor (cu), iron loss (fe), magnet losses (mg) and 
windage losses (wdge).   From the analysis, the main loss 
components appear to occur with m + n ≤ 4.  As indicated at 
the start of this subsection, heavy saturation can cause loss 
terms of the form copper loss ∝ T4 which are not shown in 
Table II. 
It is to be noted that loss terms similar to those of terms 
in Table II are expected for other motor types. The type of 
loss terms are not expected to be sensitive to the size of the 
motor though clearly the relative contribution of each loss 
does vary with motor size.  
TABLE II.  PREDICTED LOSS TERMS CORRESPONDING TO DIFFERENT 
LOSS MECHANISMS [10] 
Induction Machine 
 Constant Torque Constant Power 
T3         
T2 cu fe fe    cu  
T cu    fe    
1  fe/brg fe wdge  brg  wdge 
 1 ω ω2 ω3 1 ω ω2 ω3 
 
Interior PM Machine 
 Constant Torque Constant Power 
T3         
T2 cu fe fe    cu/fe  
T cu        
1  fe/brg fe wdge  brg fe wdge 
 1 ω ω2 ω3 1 ω ω2 ω3 
 
Surface PM Machine 
 Constant Torque Constant Power 
T3         
T2 cu fe fe/mg    mg  
T       cu cu 
1  fe/brg fe/mg wdge  fe/brg/
cu 
fe/mg/
cu 
cu/ 
wdge 
 1 ω ω2 ω3 1 ω ω2 ω3 
III. FINITE-ELEMENT CALCULATION OF 
EFFICIENCY MAPS 
A. Three Example 50-kW, 12-kr/min Machine Designs 
Three example machines designed for a traction 
application are compared. An induction motor (IM), interior 
permanent magnet motor (IPM) and surface permanent 
magnet (SPM) motor design for the same 50-kW, 12-kr/min 
electric traction application were considered [10,14-15].  
Their cross-sections are shown in Fig. 3. All the machines 
have the same stack length and stator outer diameter.  The 
key parameters of the motors are reported in Table III.  
Finite-element analysis was used to predict their 
performance characteristics [15], including the maximum 
torque versus speed capability envelope and the contour plots 
of the minimum loss and maximum efficiency. 
 
Figure 3.  Cross-sections of the three machines [15] 
 TABLE III.  SPECIFICATIONS OF THREE 50-KW, 12 KR/MIN MOTORS 
 IM IPM SPM 
Key Dimensions 
- stator outer diameter 
- airgap length 
- stack length 
 
216 mm 
0.7 mm 
170 mm 
Design Parameters 
- poles 
- stator slots 
- slots per pole per phase (SPP) 
- copper slot fill (copper/slot area) 
 
4 
48 
4 
40% 
 
4 
48 
4 
40% 
 
4 
6 
0.5 
40% 
Mechanical Parameters 
- continuous torque at 3.2 kW loss 
- rated speed at continuous torque 
- overload torque capability  
 
110 Nm 
4.0 kr/min 
210 Nm 
 
160 Nm 
3.8 kr/min 
210 Nm 
 
130 Nm 
3.8 kr/min 
150 Nm 
Electrical Parameters 
- rated voltage (rms line) 
- back-emf at 12 krpm (20°C) 
- characteristic current  (rms 150°C) 
- stator resistance (150°C) 
 
212 V 
- 
- 
27mΩ 
 
212 V 
0.98 pu 
145 A 
27mΩ 
 
212 V 
3.12 pu 
136 A 
21mΩ 
Magnets 
- type 
- remanent flux density 
 
- 
- 
 
NdFeB 
1.26 T 
 
NdFeB 
1.26 T 
B. Finite-Element Loss Map Evaluation  
For the machines the performance characteristics were 
calculated at a fixed speed (3,500 r/min), using the 
Magnet/Infolytica 2D finite-element package [16] over the 
expected Id, Iq operating range of each machine. The 
calculated characteristics are the torque, stator flux-linkage 
and losses.  
The losses include the iron losses (stator and rotor eddy-
current and hysteresis losses) and the PM eddy-current loss. 
Harmonic fields and rotational excitation effects are taken 
into account in the iron loss calculations [16]. The loss 
results can be scaled to any desired speed using the 
appropriate co-efficient for the hysteresis loss (1.231 for the 
steel used) and a square-law term for the eddy-current losses 
[17]. The calculated PM loss from the 2D analysis was 
reduced by 40% to take into account the magnet dimensions 
[18]. 
For the IM machine, the analysis procedure described in 
[4] was used. The steady-state rotor bar currents 
corresponding to the stator Id and Iq currents were found 
using a three-step static FEA procedure.  The rotor loss was 
then found using the rotor geometry and an estimated rotor 
temperature (180°C).   
The above results allow the calculation of the minimum 
losses and hence maximum efficiency for a given torque and 
speed while meeting the system voltage (212Vrms line) and 
current constraints (255 Arms).  This allows the calculation 
of the torque-speed contour plots of efficiency, total loss and 
each of the loss contributions shown in Fig. 4. 
The FE calculated loss contour plots in Fig. 4 were 
curve-fitted using terms of the order of Tmωn. The 
corresponding tabulated co-efficients for each curve fit are 
shown in Fig. 5.  The loss contour plots corresponding to 
these tabulated fitted co-efficients are shown in Fig. 4 to give 
an indication of the accuracy of the curve fit for each loss 
type. 
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Figure 4.  The FE calculated efficiency maps [10] and loss contours for the IM, IPM and SPM machines.  For the loss contours the calculated result is on 
the left and the curve-fitted result is on the right. 
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Figure 5.  The curve fit results corresponding to the loss contour plots in Fig. 4 for the constant torque and constant power regions for each machine and 
loss type.  It considers loss co-efficients up to m + n ≤ 4.  Rows 1 to 5 are the curve fits for the five individual loss types where the peak loss co-efficients are 
given in watts.  Row 6 is the sum of the co-efficients for the above five loss fits.  Row 7 is the curve fit for the total loss contour plot.  Row 8 is the sum of 
the co-efficients for the stator and rotor copper losses and Row 9 is the sum of the co-efficients for the non-copper losses.  For these last two rows, within 
each matrix, the loss terms are normalised to a total of 100% to show the distribution of losses between the co-efficients. 
  
T^4 error T^4 573 error
T^3 92 0.2% T^3 6.6%
T^2 3620 T^2 2030 3980
T 1710 69 T 1240
1 2 4 1
1 w w^2 w^3 w^4 1 w w^2 w^3 w^4
T^4 error T^4 error
T^3 7.4% T^3 19%
T^2 T^2
T 104 803 T 102 991
1 132 101 1 403 4
1 w w^2 w^3 w^4 1 w w^2 w^3 w^4
T^4 error T^4 631 error
T^3 0.4% T^3 5.9%
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 IV. CURVE-FITTING USING LOSS FUNCTIONS 
This section discusses the curve-fitting of the FE 
calculated loss contour plots in Fig. 4 using loss functions.  It 
covers three aspects: the selection of the degree (the 
maximum value of m + n) of the co-efficients; the effect of 
allowing negative loss co-efficients; and the effect of not 
partitioning the loss contours into a constant torque and 
constant power regions. 
Equation (1) is normalised to simplify the curve fitting 
process,  
 ( , ) pu
m n
loss mn
b b
TP T k
T
ωω
ω
   
=    
   
∑  (5) 
where for the machines considered, the base torque Tb is 265 
Nm, the base speed ωb is 12 kr/min and the base power of 
the losses is 8 kW, which is the approximate maximum loss 
of the IPM machine.   
The IPM efficiency and loss values were calculated using 
finite-element analysis at 20 speeds for 16 torque values 
giving a total of 320 points, as shown in Fig. 6.  These are 
partitioned into the constant torque region (6 speed values) 
and the constant power region (11 speed values).  These 
regions overlap one another by one speed value.   
The SPM has the same number of data points, while the 
IM has one-quarter of the number of data points. Thus for the 
IM there were 8 torque values at 10 speeds giving 80 points 
which were partititioned into 3 speed values for the constant 
torque region and 8 speed values for the constant power 
region.   
The number of values in each axis should therefore be 
sufficient for a 4th order polynomial, except for speed points 
of the IM in the constant torque region. 
 
 
Figure 6.  IPM loss and efficiency contour plot calculated data points, 
constant torque region (left) and constant power region (right). 
A. Effect of Order of Co-efficients  
The IPM stator copper loss contour plot is shown in 
Fig. 4 (3rd row, 3rd column).  The co-efficients resulting from 
modeling this using non-negative loss terms of maximum 
degree m+n from 0 to 5 are shown in Fig. 7, for the constant 
torque and constant power regions.  The values of the co-
efficients shown are the maximum loss contribution of each 
term in watts over the corresponding region of interest.  
Shading is used to show the relative magnitudes of the terms 
within each set of co-efficients.  The rms modelling error of 
all the FE calculated points in the region of interest is 
indicated on the right as a percentage of the peak calculated 
value of the loss in that region.  
The co-efficients were obtained using the Matlab curve-
fitting toolbox (cftool v3.2.1) [19] for a polynomial fit of the 
appropriate degree for the normalised quantities, see (5).  A 
constraint was set that all co-efficients not be negative.  
In Fig. 7 the zero-degree model is simply a constant loss 
which results in a large modelling error of 20 to 30%.  This 
is improved by considering higher degree models. The 1st 
degree model includes the additional terms T and ω which 
reduces the error to 10 to 12%.  The 2nd degree model 
includes the additional loss terms T2, Tω and ω2.  Finally the 
5th degree model includes terms of T5, T4ω, ... ω5.   
By observing the reduction in modeling error with the 
increase in the maximum degree used, it is seen that for the 
stator copper loss of the IPM machine, a 3rd degree equation 
is suitable for the constant torque region and a 4th degree 
equation is required for the constant power region.  It can 
also be seen that once the degree increases beyond a certain 
point some loss co-efficients are fairly stable in magnitude 
indicating they are “true” loss terms, e.g. the T and T2 terms 
in the constant torque region, while others appear and 
disappear with increasing order indicating they may be 
related to be modeling errors, e.g. the Tm terms in the 
constant power region.  Generally the largest co-efficient in 
the matrix is the most stable with increasing value of the 
degree, particularly if it is not on the boundary of the degree 
limit. 
Apart from variation of the error in modelling with the  
degree of the equations, 4th degree equations were also 
chosen as this was the largest degree of the terms predicted 
by the analytical modeling in Section II.C.  While the use of 
higher degree terms may produce improved fits, these[a1] are 
also more sensitive to small errors in the data being fitted. 
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Figure 7.  IPM stator copper loss.  Constant torque and constant power 
region loss curve fits using zero to fifth-degree loss terms with non-
negative co-efficients.  Modeling errors are shown. 
B. Effect of Allowing Negative Co-Efficients 
The above analysis assumes non-negative co-efficients.  
If this constraint is removed, three effects were found: firstly, 
the modeling error generally decreased; secondly, the 
positive co-efficients from Fig. 7 generally become larger 
and zero co-efficients become either negative or have a small 
positive value; and thirdly, while the constant torque co-
efficients are not greatly affected when negative co-efficients 
are allowed, the constant power results show considerable 
“instability” with very large both positive and negative terms 
appearing (e.g. about −40kW for the T2 co-efficient).   
Allowing negative co-efficients makes it harder to 
interpret the loss breakdown. The negative loss terms are not 
practically meaningful in the context of the analytical results 
in Section II.C.  Thus, forcing the co-efficients to positive 
values ensures consideration of only physical loss terms and 
makes the results less sensitive to small errors in the data. 
C. Effect of Not Separately Curve-Fitting the Constant 
Torque and Power Regions 
The previous analysis has modeled the constant torque 
and constant power operating regions with separate curve 
fits. This subsection examines modeling the IPM stator 
copper loss over the entire torque-speed plane with a single 
curve.  
Using a single function results in poorer modeling of the 
loss curves, particularly in the transition region between the 
constant torque and constant power regions. The constant 
torque co-efficients are reasonably accurately modeled.  For 
the constant power region, the magnitude of the dominant 
T2ω2 term is considerably smaller and a new ω3 term 
appears. 
These results show that modelling the constant torque 
and power regions separately give a better fit to the 
calculated loss data and easier interpretation of the losses.  
V. DISCUSSION OF CURVE-FIT RESULTS 
The first row of Fig. 4 shows the calculated efficency 
maps for the three machines.  The IM has a peak efficiency 
of over 94% which is reached at medium to high speeds and 
medium output power.  The IPM has a slightly higher peak 
efficiency (96%).  It has a more triangular-shaped peak 
efficiency region corresponding to medium speeds and 
output powers. The SPM has a similar peak efficiency to the 
IPM but the high speed-dependent losses results in a smaller 
tear-drop-shaped maximum efficiency region. This occurs at 
low to medium speeds and medium output powers. 
Figs. 4 and 5 showed the loss contours and their curve 
fits for the IM, IPM and SPM machines for each of the loss 
types.  In Fig. 4, for each loss type, contour plots of the 
calculated and the curve-fitted results using the loss co-
efficients is shown.   
Fig. 5 shows the corresponding tables of loss co-
efficients using a 4th degree fit with non-negative co-
efficients for both the constant torque and constant power 
regions based on the results in Section IV.  Rows 1 to 5 show 
matrices of the peak loss contribution in watts of each of the 
loss co-efficients for the five individual loss types.  Row 6 
shows the sum of the individual loss co-efficients for each 
machine.  Row 7 shows the loss co-efficients obtained by 
curve fitting the total loss contour plot which shows similar 
but not identical results to the sixth row.  Rows 8 and 9 are 
sums of the copper and non-copper loss co-efficients from 
the first five rows with the totals expressed as percentages to 
allow the relative contribution of each loss co-efficient to be 
more easily identified. 
A. Copper Losses 
The copper losses are the dominant losses in all three 
machines.  This can be seen as they have the largest peak 
loss co-efficients in watts in rows 1 to 5 of Fig. 5. 
To help understand these results, Fig. 8 shows the stator 
current and copper loss versus torque characteristics at 
standstill.  These correspond to the y-axis of the total loss 
plots in Fig. 4 as copper loss is the only loss which exists at 
zero speed. It shows that below 120 Nm, the SPM has the 
lowest copper loss and at higher torques the IPM has the 
lowest copper loss. The IM generally has the highest copper 
loss versus torque curve.  
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(a) Stator current vs torque  
 
 
(b) Stator (and rotor) copper loss vs torque.  
Figure 8.  Calculated stator current and copper loss and versus torque at 
standstill [10] 
These results are related to the constant torque data in 
Figs. 4 and 5.  The constant torque co-efficients for the stator 
and rotor copper loss for the IM and the stator copper loss for 
the IPM in Fig. 5 have a similar distribution, see rows 1 and 
3.  From the relative sum of the copper loss co-efficients, see 
row 8, roughly 70-75% of the total IM and IPM copper loss 
occurs with the T2 term and roughly 20-30% with the T term.  
These results match the predictions in Section II that the T 
and T2 terms should be dominant based on a T ∝ I2 
relationship at low currents and T ∝ I relationship at higher 
currents as seen in Fig. 8(a).  While the number of data 
points is not sufficient at low currents to clearly see the 
shape of the torque vs current, it is clear that this is non-
linear. 
For the SPM, the current versus torque characteristic 
shows an initial linear relationship up to about 80Nm but 
then the current rapidly increases with torque producing the 
dominant T4 loss component.  Section II indicated that this is 
associated with T ∝ √I which implies heavy saturation.  
The relative copper loss results in row 8 of Fig. 5 will 
now be examined.  
All three machines in the constant torque region have 
only a small dependance between the stator copper loss and 
speed.  The data in row 8 shows the speed dependent terms 
correspond to only about 2% of the total loss for all the 
machines. 
In the constant power region, the IM and IPM machines 
have a dominant T2ω2 stator copper loss component which 
implies a stator current proportional to output power (Tω).  
As discussed in Section II this corresponds to a relatively 
low value of magnetising/d-axis current.   
The SPM in the constant power region, has a similar 
dominant  T4 copper loss component as in its constant torque 
region.  Like the IM and IPM, it has a strong T2ω2 copper 
loss.  Additionally it has a significant ω2 component due to 
the large flux-weakening d-axis current component which is 
mainly related to operating speed. 
The dominant copper loss terms define the shape of the 
efficiency map.  For instance for the IPM, the dominant loss 
term is T2 in the constant torque region and T2ω2 in the 
constant power region (see Fig. 5, row 1).  By referring to 
the corresponding efficiency maps associated with these 
terms in Fig. 2(b), it can be seen that these[a2] shape the IPM 
efficiency map in Fig. 4, row 1. 
B. Iron and Magnet Losses 
Fig. 9 shows the FE calculated no-load loss versus speed. 
It represents the x-axis of the total loss contour plot in Fig. 4.  
The no-load loss characteristic includes iron, magnet and no-
load (flux-weakening) copper losses.  It should be noted that 
the FE calculated results do not include any estimated 
mechanical losses such as bearing or windage. 
 
 
Figure 9.  Calculated loss vs speed at no-load (excluding mechanical 
losses) [10] 
The SPM has the highest no-load loss, which at 
maximum speed is comparable to its copper loss at its 
continuous torque capability. This is due to a combination of 
its high magnet loss and the large stator current required for 
field-weakening of the large back-emf voltage (over three 
times rated voltage) at this speed. The IPM no-load loss at 
maximum speed is small (150 W) due to its relatively low 
back-emf voltage which does not exceed rated voltage even 
at this speed. The IM has even lower electromagnetic losses 
under this condition. 
Row 9 of Fig. 5 shows the combined iron and magnet 
losses for the three machines in both the constant torque and 
constant power regions.  The majority of these losses occur 
in the terms: ω, ω2, ω3, Tω, Tω2 and Tω3.  These loss terms 
are distinct from those associated with the copper losses (see 
row 8).   
Row 2 of Fig. 5 shows the IM stator iron losses have a 
dominant Tω2 dependence in the constant torque region but 
this changes to Tω in the constant power region, likely due to 
the flux density reduction in this region.  The peak iron 
losses are at medium to high torques in the constant power 
region (see Fig. 4). 
For the IPM machine, rows 2, 4 and 5 of Fig. 5 show the 
stator iron losses are the largest of the non-copper losses, 
followed by the rotor iron losses.  The magnet losses are 
negligible.  In the constant torque region, the Tω term is the 
largest for the stator and rotor iron losses.  In the constant 
power region, the dominant term is Tω2 term for the stator 
 iron losses but Tω3 for the rotor iron losses.  These terms are 
likely related to harmonic iron losses produced by armature 
reaction. The highest iron losses occur at high loads at high 
speeds.  
For the SPM machine, rows 2, 4 and 5 of Fig. 5 show the 
stator iron loss has a pronounced speed dependence and is 
much less dependent on torque, resulting in a dominant ω 
loss term in the constant torque and constant power regions.  
The ω rather than ω2 dependence is likely associated with a 
reduction in flux with speed. The rotor iron loss has a similar 
distribution to the IPM machine.  The magnet losses are 
substantial in the SPM machine and are largest at high loads 
at high speeds.  In the constant torque region the dominant 
term is Tω2, and in the constant power region the dominant 
terms is ω3.   
VI. APPLICATION DISCUSSION 
The loss modeling technique described in this paper can 
be applied to the analysis of calculated and experimental 
efficiency maps of electrical machines in four ways. 
Firstly, a clear understanding of the mapping between the 
key types of losses, their resultant loss terms (e.g. T2ω2) and 
the shape of the resultant efficiency map helps electric 
machine designers understand how to optimise their designs 
to meet particular application requirements.  This also 
provides insights into the performance of different types of 
machines and aids in the selection of the most appropriate 
one for a specific application. For instance, high efficiency at 
high speeds is important for traction applications.  
Secondly, for a calculated efficiency map, the loss co-
efficients shown in rows 1 to 5 of Fig. 5 provide a 
convenient means for summarizing the key loss terms in the 
machine and their relative importance.  This provides 
insights not only in which is the largest loss type of the 
machine, but also their variation with torque and speed in 
both constant torque and power regions.   
Thirdly, the method provides a useful means to compare 
measured and FE calculated efficiency maps by allowing the 
identification of the likely loss components associated with 
any discrepancies. This uses a similar approach shown in  in 
Table I except extended to the kmnTmωn loss terms. It requires 
the availability of detailed FE calculated individual loss 
component contour maps as shown in Fig. 4.  The process 
involves comparing the loss term co-efficients of the total FE 
calculated loss map (Fig. 5, row 7) with those from the 
experimental loss map. The discrepancies in the co-efficients 
are then compared with the individual loss terms (Fig. 5, 
rows 1 to 5) to see which loss terms are most likely 
associated with the observed difference.  Means to improve 
the modeling of these terms can then be investigated to 
obtain more accurate calculated results.   
Fourthly, even without the FE calculated loss component 
maps, it is possible to use the information in rows 7 and 8 of 
Fig. 5 to approximately separate the experimental loss co-
efficients into copper and non-copper loss terms in both 
constant torque and constant power regions.  For instance, 
the rather crude separation proposed in Fig. 10, distinguishes 
the co-efficients relating to copper loss from other loss 
mechanisms.  To test the accuracy of this approach, using 
this separation, the results in Table IV were obtained from 
the total loss modeling in row 7 of Fig. 5.  These show a 
good correspondence between the estimated loss obtained by 
summing all the loss co-efficients within the region shown in 
Fig. 11 with the actual peak loss value calculated by finite-
element analysis (in brackets).  The error expressed as a 
fraction of the total FE loss for each machine has a 
maximum value of 17% and an average of 4%. 
 
 
Figure 10.  Approximate loss breakdown regions 
TABLE IV.  PREDICTION OF LOSSES: ESTIMATED FROM SELECTED 
LOSS CO-EFFICIENTS AND FE CALCULATED VALUE IN BRACKETS 
 IM IPM SPM 
 1. Constant Torque    
   a) copper losses (kW) 7.81 (8.04) 7.68 (7.87) 3.85 (4.10) 
   b) iron and magnet (kW) 1.33 (1.01) 0.43 (0.36) 0.60 (0.71) 
    
 2. Constant Power    
   a) copper losses (kW) 10.77 (13.21) 7.83 (7.87) 4.05 (4.10) 
   b) iron and magnet (kW) 2.80 (1.40) 1.81 (1.92) 3.19 (3.78) 
 
VII. CONCLUSIONS 
This paper has examined the modeling and interpretation 
of efficiency maps for electric machines.  It was based on a 
novel approach of using sum of the terms in the form of 
kmnTmωn to represent the variation of the stator and rotor 
copper, iron, magnet and the total losses with torque and 
speed. Analysis was used to predict the likely terms for each 
machine type. The proposed approach was tested using 
finite-element calculated efficiency maps of example 
induction, interior permanent magnet and surface permanent 
magnet machines.  The following are the key results: 
• the effect of each Tmωn loss co-efficient on the shape of 
the efficiency map was shown, and conversely, based on 
the shape of the efficiency map it was possible to 
roughly estimate the key loss co-efficients, 
• accurate curve fitting of the loss contours was obtained 
by: using separate fits for both constant torque and 
constant power regions, ensuring the co-efficients were 
non-negative and using fourth-degree polynomials, 
• while the largest loss co-efficients were readily found, 
care is necessary when interpreting coefficients with 
smaller magnitude as they can be significantly affected 
by the degree of the polynomial chosen, 
• the key loss co-efficients found by fitting each of the FE 
calculated stator and rotor loss types were validated 
against the analytical predictions and checked against 
the static current-torque characteristics and no-load loss 
versus speed results, 
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 • the normalised loss terms for each machine type were 
presented, and based on this a simple method to separate 
the loss co-efficients of copper loss and non-copper 
losses in both constant torque and constant power 
regions was proposed and validated. 
 
The proposed method is a promising approach which 
allows machine designers to have more insight into the 
linkage between the stator and rotor loss types and the 
resultant efficiency map.  It also potentially provides an 
improved means for comparing FE calculated with 
experimentally measured efficiency maps to identify the loss 
types responsible for any discrepancies.  This aspect will be 
investigated in a future paper. 
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